Feshbach resonances in ultracold collisions often result from an interplay between many collision channels. Simple two-channel models can be introduced to capture the basic features, but cannot fully reproduce the situation when several resonances from different closed channels contribute to the scattering process. Using the formalism of multichannel quantum defect theory we develop an analytical model of overlapping Feshbach resonances. We find a general formula for the variation of the scattering length with magnetic field in the vicinity of an arbitrary number of resonances, characterized by simple parameters. Our formula is in excellent agreement with numerical coupled channels calculations for several cases of overlapping resonances in the collisions of two 7 Li atoms or two Cs atoms.
Feshbach resonances in ultracold collisions often result from an interplay between many collision channels. Simple two-channel models can be introduced to capture the basic features, but cannot fully reproduce the situation when several resonances from different closed channels contribute to the scattering process. Using the formalism of multichannel quantum defect theory we develop an analytical model of overlapping Feshbach resonances. We find a general formula for the variation of the scattering length with magnetic field in the vicinity of an arbitrary number of resonances, characterized by simple parameters. Our formula is in excellent agreement with numerical coupled channels calculations for several cases of overlapping resonances in the collisions of two 7 Li atoms or two Cs atoms. 
I. INTRODUCTION
Magnetically tunable Feshbach resonances have become an essential tool for the control of atomic interactions in ultracold quantum gases [1] . This is because such resonances allow the continuous tuning of the two-body s-wave scattering length, a key parameter that controls phenomena such as Bose-Einstein condensation [2, 3] , the crossover physics between Bose-Einstein condensate and Bardeen-Cooper-Schriefer paring in fermonic gases of mixed species [4, 5] , and the formation of weakly bound Feshbach molecules [6, 7] . Near the pole position of a resonance at magnetic field B res , the scattering length a(B) takes on the following simple form as the field B is varied [8, 9] :
where a bg is a constant "background" scattering length in the region of the pole, and ∆ is the width of the resonance; a(B) = 0 at the "zero crossing" where B = B res + ∆. While scattering lengths are difficult to measure accurately, except for the locations of extreme features such as poles or zero crossings, they can generally be calculated accurately for alkali metal atom species using coupled channels calculations based on models of the ground state potentials [1] . An accurate a(B) function is essential to interpret experiments involving three-body physics, since a key component of the theory is to know the scattering length at the laboratory field B [10] [11] [12] [13] [14] [15] [16] [17] .
While Eq. (1) is applicable to an isolated single resonance, there are many cases of multiple overlapping resonances, and a generalization to such cases is needed. We derive here an analytic representation of a(B) due to a set of N overlapping resonances from N different closed channels interacting with a single open channel based on the Mies version of multichannel quantum defect theory (MQDT) [18] [19] [20] [21] [22] [23] :
where the sum in the denominator represents a shift due to the mutual interaction of the resonances with the open scattering channel. We will show the connection between this formula and an alternative product form that is based on a square well model of multiple resonances [24] . This paper will give the MQDT framework for deriving Eq. (2) and illustrate it using fits to coupled channel calculations involving overlapping resonances relevant to the Efimov physics of colliding 7 Li atoms or Cs atoms. We will discuss how mutual interaction between the resonances affects their positions and local widths. In particular, we will show how a narrow resonance on the shoulder of a broad one can be viewed as a "local" resonance in B with a modified background and width due to the presence of the other resonance.
This work is organized as follows. In Sec. II we briefly review the formulation of MQDT for van der Waals interactions. Sec. III is devoted to derivation and analysis of the formulas describing a single Feshbach resonance using two-channel MQDT theory. In Sec. IV we extend the model to the case of an arbitrary number of closed channels and resulting overlapping resonances. Sec. V contains comparison of our theory to numerical and experimental results as well as characterization of some known resonances in lithium and cesium. Conclusions are drawn in Sec. VI.
II. QUANTUM DEFECT THEORY.
The collision of two cold atoms, including internal spin degrees of freedom and the effect of short-range forces, can generally be described by a multichannel matrix arXiv:1308.0681v1 [physics.atom-ph] 3 Aug 2013
Schrödinger equation
where r, E, µ and I are respectively the interatomic distance, energy, reduced mass, and the unit matrix. References [1, 25] discuss the various kinds of basis sets that can be used to set up to describe the (N + 1) × (N + 1) interaction matrix W for the collision of two ground S state alkali metal atoms. The number of scattering channels depends on the number of internal spin states of each atom and the number of orbital angular momenta needed to represent the collision. The matrix W asymptotically approaches a diagonal form
Here i is the orbital angular momentum quantum number, C 6 is the coefficient of the van der Waals potential, and E ∞ i is the threshold energy for the ith channel. Depending on collision energy E, some of the channels can be open (E > E We start our analysis by a brief review of the MQDT formalism of Mies [18, 19, 21] , which offers some different physical insights than alternative MQDT formalisms [26] [27] [28] . Because of the long-range van der Waals potential, we will like Gao [27, 28] use R 6 = (2µC 6 / 2 ) 1/4 as the unit of length and E 6 = 2 /2µR 2 6 as the unit of energy. In MQDT one replaces W by a set of reference potentials which reproduce the asymptotic form of W and parameterizes the solution of the new diagonal reference problem at short distances using functions with WKB-like normalizationf ,ĝ. These functions are connected with the long-distance scattering solutions f , g (for open channels) or exponentially decaying solutions φ (for closed channels) using the MQDT functions C(E), tan λ(E) and ν(E) [20, 21, 23, 29] 
where N (E) ensures unit normalization of the bound state function; see Ref. [23] for a discussion of the normalization of the MQDT functions. Eigenvalues E ni of the reference closed channel i occur where tan ν i (E ni ) = 0. The general solution of the coupled channels problem can be written as
where f 0 (r) and g 0 (r) are diagonal matrices of the reference solutions, Y is the quantum defect matrix which contains information about the short-range couplings, and A gives the amplitudes. The short-range processes which determine Y are assumed to be present only at length scales R 0 R 6 . This brings an important simplification to the problem, as the energy scales associated with the short range are much bigger than E 6 , which is of the order of milikelvins. As a result, for ultracold collisions the Y matrix can be regarded as energy-independent. Moreover, assuming that the potential varies from its long-range form only at short distances makes it possible to use the analytic theory of van der Waals interactions for the MQDT functions [30, 31] .
The observable properties of the system are given in terms of the open channel block of the scattering matrix S. Within the framework of MQDT, it can be obtained from the quantum defect matrix Y and the open channel quantum defect functions, as follows [18] :
where iξ oo is a diagonal matrix with elements ξ i δ ij giving the phase shifts for the reference potentials, and
The matrices of the reference channel quantum defect functions tan λ(E), C(E) and tan ν(E) are diagonal. The renormalized open channelȲ oo matrix is
where the indices o and c respectively denote open and closed channels. Here we assume a single open channel.
III. MQDT DESCRIPTION OF A TWO-CHANNEL RESONANCE.
We will now provide the MQDT description of a single magnetically tunable Feshbach resonance in the simplest case when only one open and one closed channel are present [22] . This is general, since Mies et al. [32] showed how a problem with a single isolated resonance due to multiple closed channels can be reduced to a problem with a single effective closed channel; see also Ref. [33] . By choosing the reference potentials to reproduce the true scattering lengths of the uncoupled open and closed channels, the quantum defect matrix Y will contain only off-diagonal terms
The dimensionless short range coupling parameter y is assumed to be independent of E and B. Substituting this into equations (7)- (9), we obtain the S oo matrix (which in the case of a single open channel is just a complex number S) in a factored form with the two factors representing the background and resonant scattering parts:
The open reference channel phase shift ξ → −ka bg as k → 0, and for convenience we choose to write the background scattering length in our R 6 length units as a bg = rā, using the mean scattering length of the van der Waals potential,ā = 2π/Γ 1 4 2 ≈ 0.478, introduced by Gribakin and Flambaum [34] . The C −2 (E) and tan λ(E) functions control the threshold behavior of resonance scattering, giving the respective amplitude and phase relations between the shortand long-range reference functions. Discussion of the physical meaning of these MQDT functions in the cold collision context is given in Refs. [20] [21] [22] 35] . When the collision energy E = 2 k 2 /(2µ) in the open channel becomes large compared to E 6 , then C −2 (E) → 1 and tan λ(E) → 0. The threshold behavior for s-waves as
The tan ν(E) function in Eq. (11) vanishes at an eigenvalue E = E n , where the quantum number n labels the vibrational level. Near such an eigenvalue we can expand the energy-dependence as [19] 
where E n = δµ(B − B 1 ) is the field-dependent position of the "bare" closed channel eigenvalue, δµ is the magnetic moment difference between the bare open and closed channel states (measured in E 6 per gauss units), and B 1 is the magnetic field at which the bare bound state crosses the open channel threshold. Note that π(∂E/∂ν) En = δE n is the mean vibrational spacing near E = E n , and δE n /h is the corresponding vibrational frequency. If n does not represent the last bound state of the closed channel, a useful approximation is
It is straightforward to relate the expression in Eq. (11) to conventional resonant scattering by rewriting the resonant factor as
is a constant that represents a short-range decay width. Note that the form in Eq. (14) gives the entire Bdependence in the B − B 1 term from the expansion of tan ν(E), while the C(E) −2 and tan λ(E) MQDT functions give the near-threshold variation with energy. The two terms in the denominator proportional toΓ represent the energy-dependent shift and width due to the threshold resonance. The numerator of the pole term in Eq. (14) represents the threshold decay width 1 the quantity 4y 2 can be interpreted as the shortrange probability that the bound state decays into the open channel during a single vibrational cycle. Multiplying by C −2 (E) converts the short-range probability into the proper threshold probability. Consequently, the bare bound state decay rate Γ(E)/ = (4y 2 C −2 (E))(δE n /h) can be interpreted as the decay probability per cycle times the closed channel vibrational frequency (number of cycles per second).
Simple algebraic transformations of (11) give the energy-dependent scattering length [36] [37] [38] , defined as
By taking the E → 0 limit and making use of relations (13)- (15), we obtain the standard scattering length
We can now define a resonance width ∆ by writing the "pole strength" in the numerator in Eq. (18) as
Note that the ∆ so defined is the same as in Eq. (22) of Chin et al. [1] ; the dimensionless resonance strength parameter defined by Chin et al. [1] is s res =ās 6 ≈ 0.478s 6 . The s res (or s 6 ) parameter is very important for characterizing the properties of an isolated resonance and also may turn out to be of particular importance in the analysis of three-body recombination near the resonance [39] . With the above definitions, and using the threshold properties in Eq. (12), the s-wave scattering length is given by the familiar formula [1, 8, 9] 
where the width and shift are proportional to y 2 :
The latter formula for the shift, previously given in Refs. [1, 22, 25] without derivation, shows that the shift can not be much larger in magnitude than |∆|, towards which it tends for large |r|.
IV. MANY CLOSED CHANNELS.
In many physical systems coupling to a single closed channel is not sufficient to describe the scattering and bound states. In fact, coupled-channels calculations often show many overlapping resonances due to couplings with several closed channels which have poles near one another as a function of B [16, 40, 41] . It is noteworthy that several resonances that have been used to study exotic three-body physics and the Efimov effect occur in regions with overlapping resonances [15, 41] . When resonances appear near one another, the simple formula (20) fails to describe the scattering length properly. However, it is straightforward to extend the results from the previous section by adding additional closed channels to the model. We thus start from the quantum defect matrix of the form
It is in fact usually not necessary to include couplings between the closed channel states. We can instead assume that we use a basis in which the closed channels are already diagonalised [42] . Then by choosing the reference potentials to reproduce the scattering lengths we get rid of the diagonal terms in the quantum defect matrix as well. As a result of a similar procedure as before and simple algebraic transformations, we obtain the energydependent scattering length
where the dependence on B is contained in the expansion of each tan ν i (E) terms as in Eq. (13) . The standard scattering length as E → 0 is
where the resonant pole terms,
imply the E → 0 limit, the widthsΓ i = 2y 2 i (δE n i /π) are defined as in Eq. (15), and C(E) −2 , tan λ(E), and r are defined for the open channel with background scattering length a bg . By defining a resonance width ∆ i and shift δB i for each resonance as in Eqs. (19) and (22), we find
The mutual influence of the resonances on one another is thus contained in the terms B−Bi B−Bj δB j . We note that this influence is not due to direct coupling between the closed channels, but rather to indirect interaction via the open channel.
Several important comments are in order here. Firstly, from looking at the structure of Eq. (26) one may suppose that there may be no simple local parameter similar to s res any more, since all the widths are needed to fully describe each resonance. However, it is possible to rewrite Eq. (26) in the form of isolated terms with new parameters, so that it is possible to define a meaningful s res parameter for each resonance. One particularly interesting case is the interplay between a broad resonance and a very narrow one. This is a fairly common situation if a weak resonance of high partial wave character exists near a broad s-wave resonance. Assuming two resonances with |∆ 1 | |∆ 2 |, Eq. (26) can be simplified to
where
2 renormalizes the width of the narrow resonance and B res i denotes the two pole positions. The new width can be either larger or smaller than ∆ 1 , depending on the background scattering length and the relative position of resonances. One can treat the narrow resonance as an isolated one and describe it by the s res parameter using the renormalized width. By rewriting Eq. (27) as
the scattering length can be approximated as a "local" isolated narrow resonance near B ≈ B res 1
where s 6 /δµ 1 = a bg ∆ 1 = a bg α∆ 1 is the same whether the "local" background a bg or "global" background a bg is used.
In general, it is also possible to algebraically transform formula (26) into a product form which was previously derived using a simple model of coupled square wells [24] a(B) = a bg
The transformation can be done by noticing that both (26) and (30) 
Bothã bg,i and∆ i are functions of all the other pole terms (that is, all the y i parameters), and only their product remains well-determined when the fitting range eliminates distant poles that affect the local region. Another important question is how to extract multiple resonance parameters by fitting numerical coupled channel calculations of a(B). In some cases, such as 7 Li in the f = 1, m f = 0 spin channel, there are only two resonances [41] , and fitting the formula (26) is relatively easy. In other cases, such as cesium in its f = 3, m f = 3 spin channel, the number of resonances is very high [16] , and the fitting becomes computationally costly. Excluding some resonances from the fitting will matter for the uniqueness of the fit, as Eq. (26) is nonseparable. The effect is larger if any omitted resonances are quite broad or if they lie close to the region of interest. A parameter,
which can be numerically determined by separately fitting a(B) to Eqs. (26) and (30), can be introduced as a measure of the impact of other resonances on the ith one. In any case, the productã bg,i∆i obtained from the fitting tends to be robust, even if the individual terms are not. Consequently, a meaningful pole strength s 6 =ã bg,i∆i δµ i can be defined for each resonance. Finally, it should be noted that our general formula in Eq. (24) shows how to obtain the scattering properties at finite energies away from E = 0. Thus, it is more general than the expressions in Eqs. (26) or (30) and can yield effective range or other, more rigorous, finite energy corrections in the presence of single or multiple resonances.
V. APPLICATIONS
Precise Feshbach spectroscopy has been performed for many alkali metal species, and we will use examples of overlapping resonances here that have been studied experimentally for ultracold f = 1, m f = 0 7 Li [41, 43] and f = 3, m f = 3 cesium [16, 44] . Both of these species have been used in experimental studies of exotic threebody Efimov physics [10, 14, 15, 41, 43, 45] , where it is important to understand the character of the resonances and the mapping of the experimental B field to scattering length. In order to demonstrate in practice how several overlapping resonances can be described, we apply our MQDT formulas to analyze the results of numerical coupled channels calculations using full Hamiltonian models that have been calibrated to reproduce a variety of experimental data. To account for the changing spin character of the channel states at moderate magnetic fields as well as the influence of resonances which were not included in the fit, we allow a small linear variation with B in a bg (B) = a bg (1 + b(B − B 0 )) as a first-order correction. We used simple least-square fitting procedures that converge slowly and have to be performed carefully for nonlinear and diverging functions. Figures 1 and 2 give the results of our fitting. Figure 1 shows the two s-wave resonances in collision of two 7 Li atoms in the f = 1, m f = 0 spin channel. For this system the characteristic length R 6 ≈ 64.973 a 0 (a 0 is the Bohr radius) for C 6 = 1393.39 atomic units [46] (E h a 6 0 ). The coupled channels scattering model was derived from our very accurate model for the collision of 6 Li atoms [47] . We fit the binding energy data for the f = 1, m f = +1
7 Li spin channel from Ref. [17] , using a changed scattering length from that of the 6 Li 2 1 Σ + g potential to account for the failure of isotopic mass scaling, and find coupled channels pole positions at 845.14 G and 894.00 G [48] for two f = 1 ,m f = 1 atoms, in excellent agreement with the experimental values, 844.9(8) G and 893.7(4) G, reported by Gross et al. [41] . Our least squares fitting of Eq. (26) to a discrete set of coupled channels calculations tabulated on a 1 G grid between 750 G and 950 G yields the same two B In the case of cesium, for which R 6 = 202.1 a 0 and C 6 = 6890.5 atomic units [16] , many overlapping resonances in various partial waves (up to the i-wave) were observed, and several regions of overlapping resonances are present, some quite complex [16] . We focus here on three particular regions of magnetic field for which interesting three-body features have also been reported [10, 14, 15] . The first is a set of four d-wave resonances near 500 G, the second involves an s-wave and two narrow g-wave resonances near 550 G, and finally the third region has an extremely broad s-wave resonance near 800 G with a narrow d-wave one on its shoulder [49] . Figure 2 shows a comparison of the fits obtained by doing a least-squares fit of Eq. (26) to the coupled channels a(B) function from the Supplemental Material for Ref. [16] . Table I lists the fitting parameters found using the respective fitting ranges 490 G to 508 G, 530 G to 570 G, and 750 G to 900 G. Note that the background scattering lengths obtained from locally fitting the resonances in each region differ from the global a bg , which is expected to be on the order of ≈ 10 R 6 . This means that other resonances not included in the fit are near enough to affect the local background and widths. Nevertheless, the fit quality in all cases stays at the 99% level. A comparable quality fit is obtained by fitting to the product form in Eq. (30) . The resonance at 492.7 G is especially interesting here, as it is broadened by the presence of two stronger ones, that is, its nearby zero-crossing is shifted 0.63 G from the pole of the resonance. This is consistent with the value of β = 12.98, where β from Eq. (32) is an analogue of α in Eq. (27) for a narrow resonance affected by two broad ones. [1] from an earlier coupled channels model fit to Eq. (1) for a single isolated resonance. The β parameter for the broad resonances tend to be the order of unity. However, the narrower resonances on their shoulders show large departures of β from unity, implying a renormalization of the pole strength due to interactions among the resonances. We also found that the 554.07 G g-wave and 820.33 G d-wave resonances, both being narrow ones sitting on the shoulder of the nearby broad s-wave one, have respective s res values of 1.6 and 16, differing by an order of magnitude. These s res values are relevant to explaining the three-body physics that has been explored in the vicinity of these resonances [14, 15, 39] .
When the formula in Eq. (27) was applied to each of the narrow resonances near 554 G and 820 G, with respective α parameters of ≈ 0.35 and 4.5, the fit quality was only 90% to 95% accurate. However, we found that by using a more complex formula that takes into account the small change in the width of the broad resonance due to its interaction with the narrow ones, we were able to obtain a fit accurate to approximately 99%, comparable to that obtained with Eqs. (26) or (30) . [16] using formula (26) . The columns show the position of the resonance Bres (magnetic field at which the scattering length diverges), its relevant partial wave , the background scattering length a bg , magnetic field Bi at which the bare bound state crosses the threshold, resonance width ∆i, ratio βi from Eq. (32), difference of magnetic moments δµi (from the coupled channel calculations), and an estimate for sres ≈ 0.478βia bg ∆iδµi.
VI. CONCLUSION
In conclusion, we presented a simple analytical model to describe the variation of the s-wave scattering length with magnetic field when there is an arbitrary number of Feshbach resonances. We introduced simple parameters characterizing the system, analogous to the resonance width and background scattering length in the twochannel case. We discussed the non-separability of the scattering length formula for overlapping resonances and provided examples where we accurately reproduced coupled channels numerical results and found the resonance parameters. Apart from characterization of overlapping sets of resonances, our model should be quite helpful for precise mapping of the scattering length to the laboratory B field, which is a critical aspect in the interpretation of experiments with three-body recombination and Efimov physics.
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